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Abstract

Sequential multi-agent decision-making is com-
monly modeled using extensive-form, repeated,
or Markov games. While powerful, these frame-
works fail to capture the causal relations among
the system’s variables and lack semantics for in-
terventions, latent confounding, and counterfac-
tual reasoning. We introduce Sequential Causal
Games, a framework grounded in structural causal
models that integrates multi-step strategic inter-
action with the Pearl Causal Hierarchy. Our
model incorporates both the rational and the be-
havioral aspects of decision-making, explicitly
distinguishes natural, interventional, and counter-
factual actions, and strictly generalizes extensive-
form games, repeated games, Markov games, and
multi-agent influence diagrams. We develop coun-
terfactual strategies, show they weakly dominate
standard interventional strategies, and propose
Causal Nash Equilibrium, a solution concept that
endogenizes agents’ choice of causal reasoning
layer. Experiments in Kuhn poker and the iter-
ated Prisoner’s Dilemma also demonstrate that
counterfactual agents can outperform classical
game-theoretic strategies.

1. Introduction

Multi-step multi-agent reasoning lies at the heart of strate-
gic interaction among decision-makers and plays a signif-
icant role across a wide range of social and technological
domains, including medical treatment planning (Ning &
Xie, 2024), financial markets, economic policymaking (Cui
et al., 2022), robotic coordination and autonomous driv-
ing (Guestrin et al., 2001; Stone & Veloso, 2000; Zhang
et al., 2024) and more recently agentic Al systems (Li et al.,
2024; Guo et al., 2024). Motivated by these applications,
sequential multi-agent decision-making has been studied
extensively across economics, game theory and machine
learning, giving rise to a broad family of models.
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One of the earliest formal responses to this problem was the
extensive-form game, introduced by Kuhn (1953). While
the extensive-form representation was a foundational ad-
vance in making temporal order, information, and strategic
commitment explicit, it suffers from the curse of dimension-
ality: the size of the game tree grows exponentially with the
length of interaction, even for systems that admit compact
descriptions under alternative representations. One such
abstraction is provided by repeated games, introduced by
Aumann (1959), which model interaction as the repeated
play of a fixed-stage game over a finite or infinite horizon.
However, both extensive-form games and repeated games
lack any explicit abstraction of state or mechanism. As a re-
sult, they offer limited support for reasoning about structural
dependencies, latent factors, or the effects of interventions
beyond those explicitly enumerated in the game tree.

Stochastic games, also known as Markov games (Shapley,
1953), are able to mitigate the representational explosion of
tree-based models by introducing a state-based abstraction
(Littman, 1994; Busoniu et al., 2008). Howeyver, this abstrac-
tion comes at the cost of a strong Markovianity assumption.
This requirement rules out the explicit representation of
latent variables or hidden common causes that may influ-
ence both agent actions and state transitions across time.
Moreover, the transition dynamics are specified only as
conditional distributions, without encoding the structural
relationships between state components, actions, and out-
comes.

Graphical abstractions (Kearns et al., 2001; Vickrey &
Koller, 2002) such as multi-agent influence diagrams
(MAIDs) (Koller & Milch, 2003) attempt to address some
of these limitations by exploiting conditional independence
structure. Nevertheless, MAIDs remain fundamentally asso-
ciational: edges represent probabilistic or informational de-
pendence rather than causal mechanisms. While the frame-
work specifies what information is available to each agent
at each decision point, it provides no semantics for latent
confounders or actions that span across the Pearl Causal
Hierarchy (PCH): interventions and counterfactual reason-
ing. (Bareinboim et al., 2015; Maiti et al., 2025) has shown
that such distinctions are not only an additional feature, but
essential in incorporating aspects of both rational and irra-
tional decision-making. Such shortcomings in all the prior
models can be illustrated through the following example.
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X2=0 X2=1
Uy =0 U, =1 Uy;,=0|Uy;=1
Uy=0|-14,-1.4|-1,-1| —14,0 | —8,0
X1=O
Uy=1| -1,-1 0,0 0,0 0,-3
U, = 0,—-14 0,0 0,0 0,-8
X1:1
U =1 0,-8 -3,0 -8,0 0,0
(a) (b)

Figure 1. (a) Y1, Yz as functions of X1, X2, Uy, Us;

Py P, M, M,
TT TT -1.0,-1.0 -1.0,-1.0
TT D -1.9,-1.9 -1.9,-1.9
TT Int -3.56, -0.08 -1.56, -4.28
D Int -24,0 0,-8.9

Figure 2. Payoffs under different strategies in the Iterated Causal
Prisoner’s Dilemma

Example 1.1 (Iterated Causal Prisoner’s Dilemma). Two
friends repeatedly engage in criminal activities. After each
offense, they are apprehended and questioned separately.
Due to limited evidence, convictions depend on their strate-
gic choices. In each episode ¢t € {1,...,T}, each indi-
vidual must decide whether to remain silent (cooperate,
denoted by C) or betray the other (defect, denoted by D).
Let X, ; € {0,1} denote the action of individual ¢ € {1,2}
at episode ¢, where 0 corresponds to cooperation and 1 to
defection.

Each episode is influenced by latent circumstances, repre-
sented by variables U; ; € {0,1}. These variables capture
unobserved factors such as the strength of evidence avail-
able to the prosecution, the competence of legal counsel,
the disposition of the judge or jury, or the emergence of
new witnesses. While these circumstances are not directly
observable by the individuals, they affect both their behavior
and outcomes. We assume that for each episode ¢ and each
individual 7, circumstances are adversarial with probability
P(U;; =0)=0.6.

Each of the prisoner possesses an inherent ability to assess
their circumstances in each episode, denoted by R;; €
{0,1}. When individual ¢ accurately assesses their situation
(Ri:+ = 1), they cooperate if circumstances are favorable
(Ui,+ = 1) and defect otherwise. When their assessment
is inaccurate (R;; = 0), this behavior is reversed. The
resulting instinctive or behavioral action of individual ¢
in episode ¢ is given by the structural equation X;; <
fx(Ri+,Ui+) = R; 1 @ U, + where @ denotes the exclusive-
or operator. The latent variables {U; ;, R;+}/_; and the

(b) Causal diagram of the iterated Prisoner’s Dilemma.

function fx are fixed and unknown to the individuals.

Given the realized actions and latent circumstances in
episode t, the outcome Y, = (Y74,Y5,) is generated ac-
cording to the payoff structure shown in Fig. la. For ex-
ample, when both individuals face favorable circumstances
and cooperate, they incur minimal penalties, whereas asym-
metric circumstances combined with defection can lead
to severe punishment for the cooperating individual. The
overall utility of each individual is defined as the mean of
episode-level outcomes, (1/7") Zthl Y.

We consider two environments that are indistinguishable
from the perspective of intervention-level actions. In en-
vironment M7, both individuals consistently assess their
circumstances correctly, so that By ; = Ry ; = 1 for all £.
In environment My, both individuals consistently misjudge
their circumstances, so that R; ; = Ry = 0 for all ¢. In
both environments, the marginal distribution of (U3 ¢, Ua ;)
is identical across episodes.

If individuals ignore their intuition and optimize directly
over actions at each episode, the induced stage game is iden-
tical in both environments and coincides with the classical
Iterated Prisoner’s Dilemma. Consequently, the Nash equi-
librium strategies—such as always defect (D) and tit-for-
tat (TfT)—are the same in both cases (Shoham & Leyton-
Brown, 2008).

In contrast, when individuals follow their behavioral de-
cision rules, long-run outcomes diverge sharply. In envi-
ronment M, instinctive behavior yields an average per-
episode payoff of (0, 0), whereas in M it results in approx-
imately (—2.4, —2.4) (see Appendix C). Moreover, when
one agent follows a behavioral policy while the other plays
a Nash equilibrium strategy such as tit-for-tat, the equilib-
rium player incurs a payoff of —3.56, whereas the behav-
ioral agent attains —0.08. Figure 2 summarizes expected
payoffs across tit-for-tat (TfT), always defect (D), and be-
havioral (Int) strategies under both environments. While
tit-for-tat performs competitively within the interventional
policy class, its performance degrades substantially against
behavioral policies. Notably, although M; and M, are
indistinguishable at the interventional level, they induce
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markedly different outcomes under behavioral reasoning,
motivating the question of whether agents should commit
to game-theoretic rationality or instead act according to
behavioral policy.

In this work, we turn to a framework rooted in causal in-
ference, which provides explicit semantics for mechanisms,
interventions, and counterfactual reasoning (Pearl, 2009;
Bareinboim, 2025). In single-agent settings, causal infer-
ence has been successfully applied to improve decision-
making by formalizing agency and action, guiding where to
intervene and what to observe, and enabling agents to act
counterfactually (Bareinboim et al., 2015; 2024). Beyond
structural questions, causal methods have also yielded sub-
stantial gains on statistical fronts, including reductions in
sample complexity through transfer learning, principled use
of offline data, and generalization across environments with
shared causal structure. These advances suggest that causal
reasoning provides exactly the representational and inferen-
tial tools missing from existing sequential game-theoretic
models, motivating its extension to multi-agent, multi-step
strategic settings.

Recent work by Maiti et al. (2025) makes a step towards in-
tegrating causal reasoning into multi-agent systems'. How-
ever, the proposed framework is limited to single-step inter-
actions and does not account for the sequential structure that
characterizes many real-world decision-making problems.
In contrast, this work addresses the sequential setting, with
the following contributions:

1. We formalize a class of games (Def. 2.8) that combine
rational and behavioral aspects of decision-making and
allows unobserved confounding and non-Markovianity.
We then show this is a strictly richer representation than
Extensive Form (Th. 2.9, 2.10) Games and Markov
Games (Th. 2.11).

2. We introduce counterfactual strategies that are shown
to be better than interventional strategies as studied in
game theory (Th. 3.6).

3. We show the existence of Causal Nash Equilibrium and
propose an algorithm for computing such equilibrium
strategies.

In Sec . 4, we show experiments on Kuhn Poker and Iterated
Prisoner’s Dilemma to show that counterfactual strategies
can be better in reality against interventional strategies.

1.1. Preliminaries

In this section, we introduce the notations and definitions
used throughout the paper. We use capital letters to denote

'The authors also discuss limitations of related approaches,
including Hammond et al. (2023).

random variables (X') and small letters to denote their values
(z). Dx denotes the domain of X. |S| denotes the cardi-
nality of the set S. [n] denotes the set {1,2,...,n}, and <
or > between tuples denote Pareto domination. The basic
framework of our model resides on Structural Causal Mod-
els (Pearl, 2009). An SCM M is a tuple (V, U, F, P(U)),
where V and U are sets of endogenous and exogenous
variables respectively. F is a set of functions fy determin-
ing the value of V' € V, thatis, V « fy(Pa(V),Uy),
where Pay C V and Uy C U. Naturally, M induces a
distribution over the endogenous variables, P(V), called
observational or Ly distribution. An intervention on a sub-
set X C 'V, denoted by do(x) is an operation where values
of X are set to x, replacing functions {fx : X € X}, that
would normally determine their values. For an SCM M, My
denotes the model induced by do(x) and P(Yx) denotes
the probability of Y in M. Such distributions are called
interventional or Lo distributions. For more details, refer
to Appendix A.l, Bareinboim et al. (2022) and Maiti et al.
(2025).

2. Causal Games

In this section, we propose a new representation of sequen-
tial games, which we call Causal Games based on SCMs.
The agents in Causal Games may be able to interact with
the system through the different layers of the PCH and here,
we define the system and the policy space corresponding to
the three layers.

Definition 2.1 (Causal Multi-Agent System). A Causal
Multi-Agent System (CMAS) is a tuple (M, N,X,Y),
where M : (U, V, F,P) is an SCM and

e N is the set of n agents,

* X =(Xy,...,X,,) is the ordered set of action nodes
with disjoint X;, X; C V for ¢, j € [n],

*Y = (Y4,...,Y,) is the ordered set of reward sig-
nals, with Y; C V for all i € [n]. O

A CMAS is essentially an SCM that contains nodes X that
represent actions available to the n agents in the system.
Each agent has control over a distinct subset of action nodes;
S0, no two agents can act on the same variable. Also, the
system contains a set of reward variables, Y, which repre-
sents the feedback or payoff that each agent receives based
on their actions and the underlying causal mechanism. In
order to illustrate some of the concepts introduced in this
section, we will walk through the following variation of the
popular sharing game studied in the literature (Shoham &
Leyton-Brown, 2008).

Example 2.2 (Causal Sharing Game). Two siblings receive
a pair of Christmas gifts from their parents. The parents
allow the siblings to decide how to share the gifts between
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X,=0 Xo=1
fr (X1, X2,U1,Uz)
Uy =0 Uy =1 Uy=0 | Us=1

Ur=0 1.1 1,41 2.1 2,1
X, =20

Uy=1 | 11 A, 6.1 6,1

Uy =0 1,1 1,-1 -1, -1 -1,3
X, =1-1

Uy=1 -1,1 -1,-1 3,1 3,3

Uy =0 1,1 1,1 1,-2 1,6
X, =0-2

U =1 -1,1 -1, -1 -1,-2 -1,6

Figure 3. Y = (Y1,Y>) as a function of X1, X5, Ui, Us in the
Causal Sharing Game

themselves. The interaction proceeds sequentially with per-
fect information. First, the older sibling (Agent 1) pro-
poses a division of the gifts, after which the younger sibling
(Agent 2) decides whether to accept or reject the proposal.
If the proposal is accepted, the gifts are distributed as pro-
posed; if rejected, neither of them get any gift. We denote
the proposal of Agent 1 by the variable X;, which takes
values in a finite set of possible splits (e.g., 2-0, 1-1, or 0-2),
representing the number of gifts allocated to Agent 1 and
Agent 2, respectively. The response of Agent 2 is denoted
by X5 € {0,1}, where X2 = 1 corresponds to acceptance
and Xy = 0 to rejection.

The enjoyment each sibling derives from the gifts depends
not only on the number of gifts they receive but also on how
much they personally like the specific gifts. Let the latent
variables U; and Us denote how much the gifts follow their
preferences. However, since the gifts are well-wrapped for
surprise, they don’t have any way of knowing what is in-
side. However, based on several factors, such as size/weight,
which parents got the gift and so on, they may be able to get
an intuition about whether the gift is good for them or not.
In particular, Agent 7 has an internal perception variable R;
that reflects how accurately they judge whether the gift is
upto their liking or not. If Agent 2 has an accurate read-
ing of their preferences (Re = 1), they accept a proposed
split when it aligns with their preference Us, and reject it
otherwise; if their reading is inaccurate (R = 0), this be-
havior is reversed. Thus, Agent 2’s instinctive response
to a proposal is governed by a structural rule of the form
X9 < fx,(X1, Re,Us), where the function fx, encodes
how perceived and actual enjoyment jointly determine ac-
ceptance. The variables Uy, Us, R», and the function fx,
are fixed by nature and are unknown to the agents. For our
example, let X; and X5 are determined as following:

X1=U1'(2,0)—|—(1—U1)'(0,2) ()
Xo=1{Xo = (2.0} + 1{Xo # (20} U2

The realized outcome Y = (Y7, Y53), representing the en-

(b)

Figure 4. (a) Causal Graph of the Sharing Game (b) The same
causal graph under interventions

joyment levels of the two siblings, is a function of the pro-
posed split X7, the response X2, and the unobserved gifts
(U1, Us), as illustrated in Fig. 3. For example, receiving
fewer gifts that one strongly prefers may yield higher enjoy-
ment than receiving more gifts that one does not like.

If both siblings ignore their intuitions and instead reason
purely at the level of actions, the interaction reduces to the
classical extensive-form sharing (or ultimatum) game. In
this interventional view, the expected payoff for a proposal-
response pair (X = 1, Xo = x2) is given by

Z Y - P(uy,uz) P(Y | 21,2, u1, uz2),

u1,u2,y

and equilibrium analysis proceeds without reference to the
unobserved factors. This is represented by the interventional
graph in Fig. 4a. Such an analysis may admit equilibria that
appear fair or stable at the action level. However, when
the siblings act according to the natural intuitions they get
a payoff of (3.5, 1.25) while the best they get under Nash
Equilbrium is (1,1). O

To formalize these observations, we define different forms
of actions that an agent may take in such a system and
explore how they are related.

Definition 2.3 (L; action). Given a CMAS (N, M,X,Y),
an L; action of an agent ¢ is the one in which the value
of their action variables X, are determined by the natural
mechanism fx, € F. O

We will also call such actions behavioral actions and denote
them by ag. Note that, while performing a, an agent does
not know anything about the underlying SCM nor do they
deliberately change any mechanism or variable in the system.
The L; action space is thus A! = {ag} and L policy space
is also a singleton set IT' = {ag}.

Example 2.4. Consider the CMAS presented in Ex. 2.2.
The L4 action is when the values of X and X5 are deter-
mined by their natural function. The expected payoff when
both the agents play behavioral action is given by

Vi =05-64+05-1=35 3)
Yo=025-(—1)+025-1+025-6=1.25 (4
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In a more traditional game theoretic sense, an agent can
perform an intervention on the system. These interventions
can be atomic interventions, where an agent sets the value of
the action variable to a constant based on its context (Pearl,
2009), or soft interventions, where an agent samples their
actions from a distribution (Correa & Bareinboim, 2020).
Next, we define Lo actions and the policy space.
Definition 2.5 (L»-action). Given a CMAS (N, M,X,Y),
the Lo action of an agent ¢ is a sequence of mappings o; =
{of,..., 0%} from states S; = {S},...S%} to its action
variables X; = {X{,..., X% } respectively, where

* Action X is a non-descendant of X% ;,..., XYy

* States S, is a non-descendant of X}, ..., X7, O
Thus, if an agent ¢ performs the action o;, then Xé-’s natural
mechanism fx: is replaced by X’ < 0;(S%). The set of
all such Lo actions will be denoted by .A2. L, policy is a
distribution over the actions in A2

Example 2.6. Consider the CMAS introduced in Ex. 2.2.
L5 action is when an agent performs an intervention, that is
setting their action variable to a particular value. If Player 1
is playing 0-2 and Player 2 is playing Y only when Player
1 plays 0-2 and N otherwise, then the assignment of the
variables are given by:

1 if X; =0-2
X, 02, Xy = .G
0 otherwise

and Uy, Us, Ry, Rs are sampled from the distribution P(U).
Let’s call this strategy o1, o2 and the expected payoff of this
strategy is given by (0, 2). It is also possible for one agent to
perform an Lo action and the other to perform an L, action.

In many cases, an agent can interact with the environ-
ment through PCH’s Layer 3 (Bareinboim et al., 2015;
2022; Raghavan & Bareinboim, 2025). This allows agents
to incorporate certain counterfactuals into their decision-
making. For example, in Ex. 2.2, following natural instinct
led to a suboptimal outcome for both agents. However, if
both agents had done the exact opposite of their instinctive
choices, they could have achieved a payoff of (0, 0). This
ability to override instinct and strategically adjust behavior
falls within the realm of Layer 3 of PCH. Before formally
defining L3 actions, let X; denote the action variable of the
agent i, where its value is determined as a function f; of its
observable and unobservable parents Pa™(X,,).
Definition 2.7 (Ls-action space A3%). Given a CMAS
(N, M,X,Y), the Ly action of an agent 7 is a sequence
of mappings o; = {oi,...,0%} from states S; =
{S¢,...S%} and natural actions X} = {X'],..., X'y}
to its realized action variables X; = {X4, ..., X%, } respec-
tively, where

* Action X is a non-descendant of X7 ,,..., X},

* States S, is a non-descendant of X5, ..., X O
When an agent takes an L3 action, they first note their natu-
ral instinct X/ and then make the decision X; as follows:

X, « fi(Pa*(X;)), Xi¢ 0i(X'5,81) (6

In case h(x) = z, it is the same as the natural or L; action,
and if h(x) is constant for all z, then it is an Lo action.
Bearing this in mind, we will often denote ag as X = X/,
where X is the action variable and X' is the intuition.

Definition 2.8 (Causal Games). A tupleI" = (M, A, R) is
a Causal Normal Form Game (CNFG), where

« MisaCMAS (N, M,X,Y),

e A= (Ay,..., Ay,) is the tuple of policies for the n
agents, where A; € {A!, A2, Al U A2, A3},

* R = (R1,...,Ry) is the tuple of reward functions,
where R; maps outcome Y ; to R for agent <. ]

In the next section, we show that the causal games can be
more expressive than several other widely used representa-
tions.

2.1. Extensive Normal Form Games

In this section, we relate Causal Games (CGs) to Extensive-
Form Games (EFGs). We first show that CGs can offer a
representational advantage over EFGs. We then argue that
Causal Games capture semantic features that cannot be rep-
resented within the EFG formalism. For Nash Equilibrium
to exist, we will assume the agents have perfect recall. A
direct, naive conversion from an EFG to a CG may appear
to incur an exponential increase in description length, since
conditional probability distributions (CPDs) can be writ-
ten as full tables over parent assignments. However, when
CPDs exhibit context-specific independence and are repre-
sented compactly (e.g., as decision trees rather than tables)
(Boutilier et al., 1996), the induced Causal Game description
grows by at most a linear factor relative to the original EFG.
Conversely, there exist families of extensive-form games
whose explicit tree representations necessarily blow up ex-
ponentially, while the corresponding Causal Game admits a
succinct description. Together, these observations yield the
following two-part theorem.

Theorem 2.9 (Representation Gap Between EFGs and
Causal Games). Let G be a finite EFG with perfect recall,
and let |G| denote the size of its standard description. Let T’
be a minimal causal game (CG) that is outcome-equivalent
to G, and let |T'| denote the size of its description. Then the
following hold:
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1. For every finite EFG G, there exists an outcome-
equivalent causal game T such that |T'| < O(|G))

2. There exists a family of finite EFGs {Gy, }5, and cor-
responding minimal outcome-equivalent causal games
{T,}5%, such that |G,,| > 29T 1)

In words, this implies that converting an EFG into an
outcome-equivalent CG incurs at most a linear increase
in description length, while in some instances the CG repre-
sentation is exponentially more succinct than the EFG. We
next establish that CG constitute a strictly richer modeling
framework than EFG.

Theorem 2.10. Given any EFG, there exists two causal
games 'y and T, with Ly payoffs p1 and po and Nash
Equilibrium payoff g, such that 1 < pyg < fo. O

This result shows that two Causal Games can entail the
same EFG under the interventional policy space, but can
vary under the behavioral policy space.

2.2. Markov Games

In this section, we will look at another representation of
sequential games, known as stochastic games or Markov
Games (Shapley, 1953). Markov Games (MG) extend the
notion by including the idea of state, which evolve based
on the joint action of the agents. However, they still fail
to capture the inherent hierarchical nature of actions, since
actions in Markov Games can be interpreted as Ly actions.
A illustration of this with respect to MDP is provided in
(Bareinboim et al., 2024), where two MDPs can coincide on
the Lo actions but differ in L, action space and vice versa.
Such trends can also be observed here. Formally, the result
can be stated in the following theorem.

Theorem 2.11. Given any MG, there exists two causal
games 'y and Ty, with L1 payoffs p1 and ps and Nash
Equilibrium payoff png, such that pn < pyg < pa.

Another constraint of the Markov Games is the absence of
unobserved confounding and the subsequent lack of unob-
served confounders between states, policies, observations
and reward functions.

3. Solving Causal Games

In this section, we discuss two solutions: Nash Equilibrium
in the counterfactual space and the Causal Nash Equilibrium,
which follows from Counterfactual Rationality proposed in
(Maiti et al., 2025).

3.1. Nash Equlibrium in Causal Games

The first solution we propose is similar to finding the Nash
Equilibrium in the whole space of counterfactual actions.

Algorithm 1 Find-CNE

1: Input: Sequential causal game I' and admissible PCH
1

policy classes {I1}, 11, IT3 };e

2: Qutput: CNE policy profile 7*

3: Construct the layer selection game Lt by evaluating,
for each (I, ..., II,), the Nash equilibrium payoff of
I(I1y,...,I1,)

4: Compute a Nash equilibrium s* of Lp

5: Define IT} = Um@upp(s;) I1; for each agent ¢

6: Compute a Nash equilibrium 7* of the projected se-
quential game I'(IT7, ..., II})

7: Return: 7*

(Sequential)

Recall that a strategy of an agent 7 is a tuple of all policies
(of,..., o) for determining all the action variables. In this
section, we assume that the agents have perfect recall, that
is, they are able to remember the actions taken previously.
Similar to the standard literature, for a joint policy o_;, the
best response o7 is such that, E[Y]. , ] > E[Y}, ] for
all 0. Counterfactual best response is when the eléments of
o, belong to the set of counterfactual policy space. Since,
the counterfactual action space is a superset of the interven-
tional action space, we can write the following theorem.

Theorem 3.1. The best response from the counterfactual
policy space is as good as the response from Lo space for
any strategy profile of the other agents.

Following the definition of best response, we can define
Nash Equilibrium in the larger action space.

Definition 3.2 (Nash Equilibrium in Counterfactual Space).
Nash Equilibrium in Counterfactual Space is when all the
players are playing the counterfactual best response.

As a corolllary to the existence of Nash Equilibrium, it is
easy to show that the Nash Equilibrium in the counterfactual
space also exists.

3.2. Causal Nash Equilibrium

We introduce a layer selection metagame for sequential
Causal Games, capturing the fact that agents may act
through different levels of the PCH. These levels induce
distinct policy classes, ranging from natural (behavioral)
policies to interventional and counterfactual policies. The
key question is whether agents should always employ the
most expressive policy class, or whether restricting attention
to a subset of causal policies can be strategically optimal.

Formally, consider a finite-horizon sequential causal game
induced by a structural causal model M, with agent set
N ={1,...,n}. Let X, ; and Y;; denote the action and
reward variables of agent 7 at time ¢ € [T']. For each agent
i, let IT}, 117, and II3 denote the sets of admissible policies
corresponding to the first, second, and third layers of the
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PCH, respectively. We also allow unions of layers, such as
I} U IIZ, to model agents that can flexibly switch between
reasoning modes within a restricted subset of the hierarchy.
Given a sequential causal game I, we define a PCH projec-
tion of I by restricting each agent’s policy space to a chosen
subset of layers.

Definition 3.3 (PCH Projection of CG). Given a sequential
causal game I" and a profile of policy spaces (IIy, ..., II,)
with IT; C {11}, 11%, [T} UII?, 113}, the PCH projection of I',
denoted by I'(Ily, ..., IT,,), is the sequential game obtained
by restricting agent ¢ to policies in II;, while keeping the
underlying causal model and reward structure unchanged.

This projection captures how the strategic interaction
evolves when agents are constrained to reason within spe-
cific layers of the causal hierarchy. Importantly, different
projections of the same underlying game may induce dif-
ferent equilibria and different cumulative payoffs. The key
problem is therefore to determine which projection is stable,
in the sense that no agent has an incentive to unilaterally
switch to a different layer of reasoning. To address this, we
define a meta-game in which agents choose their reasoning
layers before playing the underlying sequential game.

Definition 3.4 (Layer Selection Game). Given a sequential
causal game T, its layer selection game Lt is a normal-
form game with the same set of agents N. The action
set of agent ¢ in Lp consists of admissible policy spaces
I, € {II},11?, 11} U II?,1I?}. For any joint selection
(I, ...,I1,), the payoff to agent ¢ in Lr is defined as
the Nash equilibrium payoff of the projected sequential
game I'(ITy, . .., II,,), where equilibrium is computed with
respect to policies over time.

Intuitively, each cell of the payoff matrix of Lt corresponds
to a sequential game in which agents are restricted to specific
layers of causal reasoning, and the payoff reflects the long-
run utility achieved when agents play an equilibrium of that
restricted game. We assume that the structure of the causal
model and the policy classes are common knowledge, so
that agents can reason about the consequences of selecting
different layers.

Let s* denote a Nash equilibrium of the layer selection game
Lr. The support of s} identifies the policy spaces that agent
1 assigns positive probability to. An agent may therefore
rationally exclude policy spaces that are not in the support
of s}, effectively “forgetting” certain layers of reasoning if
they are not optimal at the meta level.

Definition 3.5 (Causal Nash Equilibrium). Let s* be a Nash
equilibrium of the layer selection game L, and define the
induced policy space for agent ¢ as II] = Un esupp(s?) 11,
A joint policy profile 7* is called a Causal Nash Equilibrium
(CNE) of the sequential causal game I' if 7* is a Nash
equilibrium of the projected game I'(IT5, ..., IT%).

Figure 5. Causal Diagram for Kuhn Poker

In a CNE, no agent can improve its expected cumulative
reward by unilaterally deviating either within the selected
class of causal policies or by switching to a different reason-
ing layer that was excluded by the equilibrium of the layer
selection game. Thus, CNE captures strategic stability both
at the level of action generation over time and at the level of
reasoning-layer choice.

Existence of CNE. For any finite-horizon sequential
causal game I', a Causal Nash Equilibrium always exists.
This follows from the existence of a Nash equilibrium in the
finite layer selection game L, together with the existence
of equilibrium policies in each projected sequential game
I'(IIy, . .., II,) under standard assumptions such as perfect
recall and compact policy spaces. The definition of CNE
naturally yields a constructive procedure for identifying
equilibrium strategies. Finally, we establish a dominance
property that clarifies the strategic meaning of the layer
selection equilibrium.

Theorem 3.6 (Dominance of causal strategies). Let I' be
a finite-horizon sequential causal game with Causal Nash
Equilibrium (CNE) payoff 1*, and let Lt denote its layer
selection game with Nash equilibrium strategy s*. Suppose
that s* is a pure-strategy Nash equilibrium of Lr, and let
I} = supp(s}) denote the set of policy classes selected
by agent i. Then, for every agent i and for every admissi-
ble policy class I1; ¢ II7, the expected cumulative reward
obtained by agent i under the CNE satisfies

where NE(I'(IL;, I1* ,)) denotes the Nash equilibrium pay-
off of the projected sequential causal game in which agent
1 is restricted to policy class 11; while all other agents are
restricted to 11* ;.

This result establishes that when the layer selection game
admits a pure-strategy equilibrium, no agent benefits from
unilaterally switching to a different layer of the Pearl Causal
Hierarchy in the underlying sequential interaction. Even
when using the whole counterfactual action space is not
beneficial, a two-level approach may still result in a better
equilibrium than the Nash Equilibrium strategy.
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Figure 6. Cumulative rewards in sequential games. Counterfactual agents (orange) outperform classical strategies across Kuhn poker and

the iterated Prisoner’s Dilemma.

4. Experiments
4.1. Kuhn Poker

We evaluate the strategic value of counterfactual reasoning
in Kuhn poker, a canonical imperfect-information sequen-
tial game with a well-characterized Nash equilibrium. The
game is played by two players using a three-card deck (Jack,
Queen, King): each player antes one chip, receives one
private card, and engages in a single round of betting con-
sisting of check/bet, call/fold decisions, with the higher card
winning the pot at showdown. Classical equilibrium strate-
gies condition only on the public betting history and assume
that all strategically relevant information is captured by the
formal game tree. In contrast, real-world play often involves
information leakage through behavioral cues (e.g., timing
or body language). To model this, we augment Kuhn poker
with latent causal variables that influence players’ natural
behavior and are partially revealed through intuition-based
signals. Counterfactual agents are allowed to condition their
realized actions on these intuitions, while game-theoretic
agents are restricted to standard interventional Lo strategies.

The causal diagram for this game from the perspective of
Player 1 is shown in Fig. 5. C and C5 are the cards received
by the Player 1 and 2 respectively. X{ and X? are the
decisions of player 1 and X5 is the decision of player 2. C;
may effect the body language of Player ¢, denoted by B;
which may effect the other players intuition.

When roles are alternated over repeated play, counterfac-
tual agents achieve strictly positive expected value, while
game-theoretic agents incur losses; Fig. 6a shows that cumu-
lative rewards grow monotonically in favor of counterfactual
agents. These results demonstrate that counterfactual strate-
gies can systematically exploit information embedded in
natural behavior that is invisible at the interventional level,
even in games with well-understood equilibria.

4.2. Iterated Prisoner’s Dilemma

We analyze the performance of tit-for-tat in the iterated
Prisoner’s Dilemma under the Causal Prisoner’s Dilemma

(CPD) framework, where agents may follow either stan-
dard interventional strategies or intuition-based (natural-
action) strategies. Our results highlight a sharp asymmetry
in the robustness of tit-for-tat across different classes of
opponent behavior. Consistent with classical results, tit-for-
tat performs well against conventional level-Lo strategies
such as always-defect and tit-for-tat itself. When played
against these strategies, tit-for-tat yields relatively stable
outcomes, including mutual cooperation when facing itself
and bounded losses when facing defect. This aligns with
its well-known reputation as a resilient strategy in standard
iterated Prisoner’s Dilemma settings.

However, this robustness breaks down when tit-for-tat is
played against counterfactual agents that systematically act
contrary to their natural or intuitive responses in the CPD
environment. In this case, tit-for-tat performs substantially
worse than even unconditional defection. The comparison
of the strategies are shown in the Fig. 6b and Fig. 6c.

5. Conclusions

We introduced Causal Games (Def. 2.8), a causal extension
of sequential game theory grounded in SCMs that explicitly
distinguishes behavioral, interventional, and counterfactual
actions. In Sec. 2, we showed that this framework strictly
generalizes classical representations, admits a well-defined
solution concept via Causal Nash Equilibrium (Sec. 3),
and that counterfactual strategies weakly dominate standard
game-theoretic strategies. Experiments in Kuhn poker and
the iterated Prisoner’s Dilemma illustrate that accounting
for causal structure and counterfactual reasoning can yield
substantial strategic advantages in sequential interaction.

6. Impact Statements

This paper presents work whose goal is to advance the field
of machine learning. There are many potential societal
consequences of our work, none of which we feel must be
specifically highlighted here.
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A. Preliminaries and Background
A.1. Structural Causal Models and the Pearl Causal Hierarchy

Structural Causal Models (SCMs) provide a unifying framework for representing data-generating processes under explicit
causal assumptions (Pearl, 2009; Bareinboim et al., 2024). A defining feature of SCMs is that they support multiple modes
of interaction with a system, ranging from passive observation to active intervention and counterfactual reasoning. These
modes form the Pearl Causal Hierarchy (PCH), which organizes causal queries by increasing expressive power. Our
presentation follows Bareinboim et al. (2022).

Definition A.1 (Structural Causal Model). A structural causal model is a tuple M = (U, V| F, P(U)), where U is a set of
exogenous (background) variables, V = {V},...,V,,} is a set of endogenous variables, F = {f1, ..., fn} is a collection
of structural assignments V; < f;(Pa;, U;) with Pa; C V \ {V;} and U; C U, and P(U) is a joint distribution over the
exogenous variables.

The qualitative structure of an SCM is represented by a causal diagram, which encodes functional dependencies and
unobserved confounding.

Definition A.2 (Causal Diagram). Given an SCM M, its causal diagram is a graph whose nodes correspond to endogenous
variables, with a directed edge V; — V} if V; appears in f;, and a bidirected edge V; <+ V; if V; and V; share a common
exogenous cause or have statistically dependent exogenous variables.

SCMs induce three families of probability distributions corresponding to the levels of the Pearl Causal Hierarchy.

Definition A.3 (L, valuation (Observational)). The observational distribution induced by M over Y C V is PM(y) =
Zu:Y(u):y P(u), where Y (u) denotes the solution of the structural equations under exogenous realization u.

Interventional distributions are defined by modifying the structural equations.

Definition A.4 (L, valuation (Interventional)). For an intervention X < x, the interventional distribution over Y is
PM(yy) = > owy,, (w)=y P(u), where Yy (u) denotes the value of Y in the intervened model.

Finally, SCMs support counterfactual reasoning, which compares hypothetical outcomes for the same individual under
incompatible interventions.

Definition A.5 (L3 valuation (Counterfactual)). For X, Y,Z C V, PM(yy,zw) = P(u).

u:Yy(u)=y,Zy(u)=z

Together, the L, Lo, and L3 valuations constitute the Pearl Causal Hierarchy, enabling increasingly expressive forms of
causal reasoning.

A.2. Counterfactual Randomization

Although SCMs formally support counterfactual reasoning, interacting with a system at the counterfactual (Ls) level
presents practical challenges. In particular, an agent’s internal deliberation may involve considering and discarding multiple
alternatives before committing to a final action, which raises ambiguity about which choice should be treated as the agent’s
natural intention. Counterfactual randomization resolves this ambiguity by identifying the agent’s final intended action
immediately prior to execution as the relevant intuition and randomizing the executed action conditionally on this intention
(Bareinboim et al., 2015; 2024).

Concretely, the agent is interrupted just before acting, the intended action X is recorded, and an action X" is selected at
random for execution. This procedure enables estimation of counterfactual quantities of the form E[Yx, , | X = 2/],
corresponding to outcomes under interventions conditioned on the agent’s natural inclination.

Figure 7 illustrates the decision flow underlying counterfactual randomization. For further details in the single-agent setting,
see Bareinboim et al. (2024, Sec. 7).

A. Proofs
A.1. Proof of Theorem 2.10 (Representation Gap)

Proof. We fix a conventional encoding of finite EFGs and SCMs in which description length is ©(#nodes + #edges +
#tables/trees for local kernels + payoff data). All such encodings are equivalent up to constant factors for asymptotics.

11
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Algorithm 2 Ct £f-RCT: Counterfactual Randomized Controlled Trials

1: Input: action domain D(X ), number of trials N
2: fort=1,2,... do
3:  Observe intended action X (*)

4. if t < N then

5: Sample X'®) ~ Unif(D(X))

6: else N

7: X'« argmax, EM[Yx, ., | X = X®)]
8: endif

9:  Execute do(X’®")) and observe Y'(*)

10: end for

Figure 7. Nlustration of decision flow fx

Part (1). Let G be a finite EFG with perfect recall. We construct an SCM M that simulates play in G.

Let H be the set of nonterminal histories and Z the set of terminal histories. For each nonterminal history h € H, let
P(h) € N U{c} denote the acting player (or chance), and let A(h) be the finite action set available at h. If P(h) = c, the
EFG specifies a distribution pp,(-) on A(h).

Introduce endogenous variables: (1) For each decision history h with P(h) = ¢ € N, an action variable X;, € A(h). (2) A
terminal variable S € Z encoding the realized terminal history. Introduce exogenous variables: For each chance history A
with P(h) = ¢, an exogenous draw U, € A(h) with P(Uy, = a) = pp(a).

Define S as the (deterministic) result of traversing the tree from the root: at a player node h, choose the successor determined
by X} ; at a chance node h, choose the successor determined by Uy, ; stop at the first terminal z and set S = z. This can be
implemented via intermediate depth-indexed history variables H;; acyclicity holds because the tree is finite and traversal
proceeds forward in depth.

For each player 7, define Y; := w;(S) where u; : Z — R is the EFG payoff.

Because G has perfect recall, mixed (behavioral) strategies suffice. For each player ¢, map any behavioral strategy o;(- | I)
(for information set I) to an Ly policy that intervenes on each X, with P(h) = i by sampling X}, according to o;(- | I(h)).
Under this mapping, the induced distribution over S matches the distribution over terminal histories in G under o, since
chance moves are matched by U}, and player choices are matched by the interventions on X},. Therefore expected payoffs
match.

Total Size: The number of variables and local mechanisms is linear in the number of nodes/edges of the tree (up to
constant-factor overhead for implementing .S with intermediate H variables). If conditional distributions are represented by
decision trees (context-specific independence), the representation is O(|G|). Hence |I'| < O(|G]).

Part (2). We exhibit a family with exponential blow-up for EFG descriptions.

Fix a branching factor b > 2 and consider a finite-horizon n-step interaction with a compact state description (or even a

stage game repeated n times where payoffs depend only on a small state). As an extensive-form game, the explicit tree must

12
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represent all action histories, yielding £2(b™) histories/nodes and hence |G,,| = €2(b™) under standard encodings.

As a causal game, represent the same interaction with variables {X; ¢ };en, te[n] and a small state variable Sy with a time-
homogeneous transition equation Sy 1 := f(S¢, X1¢,. .., X|n|+, Ut) and reward equations Y; ; := g;(S¢, X1,¢,...,Us).
This SCM has O(n) variables and O(n) equations with constant-size descriptions, so [I',| = O(n). Therefore |G,,| =
Qb)) = 29(n) — 9Q(IT'n])

One concrete instance is a two-agent finite-horizon Markov interaction with binary variables. Let S; € {0, 1} be a state
and X714, X0, € {0,1} be the agents’ actions for ¢ = 0,...,n — 1. At each step, rewards satisfy Y;, € {0,1} with
P(Y; 4| S, X1, X2,), and the state evolves according to a time-homogeneous transition kernel P(S;y1 | S¢, X714, X2.¢)-
Since each local CPD has a constant number of parameters (binary parents), the resulting causal-game/SCM description has
size O(n) in the horizon. In contrast, the explicit extensive-form tree must enumerate all action histories, yielding €2(2")
histories/nodes and thus exponential description length. O

A.2. Proof of Theorem 2.10 (EFG richness)

Proof. Fix an extensive-form game (EFG) G with finite horizon, finite player set N = {1,...,n}, and bounded terminal
utilities u;(z) € [—U, U] for every terminal history z and every ¢ € N. Let uxg denote the payoff vector of some Nash
equilibrium of G (in behavioral strategies; existence is standard for finite EFGs).

Step 1: A baseline causal game whose L,-projection is exactly the EFG. We construct a causal game I'° induced by an
SCM that reproduces the EFG under interventions. Index decision points by information sets: for each player i, let Z; be
the set of information sets of 4, and let A(]) be the finite action set available at I € Z;. (Chance nodes may be treated as
belonging to a dummy player “0” with fixed stochastic policy; this does not affect the argument.)

For each I € Z;, introduce an action variable X; € A(I). Introduce additional endogenous variables encoding the realized
history (or equivalently, the realized node) as the play unfolds; denote this collection by . Let Z denote the terminal
history variable, and define payoffs Y; := u;(Z).

The SCM contains:
* structural equations mapping the collection of chosen actions (X;); and chance outcomes into a unique terminal

history Z (this is well-defined because an EFG induces a deterministic successor relation given actions and chance
outcomes);

* payoff equations Y; < u;(Z).

Under L, reasoning, agents intervene on their action variables at each information set, i.e., they replace the natural
mechanism of X by a chosen (behavioral) decision rule. Thus, the induced Ly game of I'? is behaviorally equivalent to the
original EFG G. In particular, the set of Nash equilibria and their payoff vectors coincide; hence there exists an Lo Nash
equilibrium payoff vector equal to uNE.

Step 2: Add L; mechanisms and “mean-zero under intervention” bonus terms. We now modify I'° to obtain a
one-parameter family of causal games I'(«), where = (a4, . .., ) € R™. For each player 7 and each information set
I € 7, introduce an exogenous variable U; taking values in A(I). Fix, for each I € Z;, a distribution g; over A(I) with
full support (e.g., uniform), and set U; ~ ¢y mutually independent across 1. Define the natural (L1) action mechanism as

Xr <+ U; for every information set I. @)

(Under interventions, X can be set arbitrarily as usual.)

Next, modify payoffs by adding a bonus term that vanishes in expectation under interventions. For each player ¢, define

Vi = wi(Z) + ai Y (WU = X1} - ar(X1))), ®)
I1€Z;

where g7 (X) denotes the probability mass that ¢y assigns to the realized action X;.
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Lemma 1 (Interventional invariance). For any (behavioral) intervention profile on the action variables (X7);,

E[1{U; = X1} —qs(X;) |do(X; =a)] = 0 for every 1.

Proof. Condition on do(X; = a). Then
E[1{U; = X;} | do(X; = a)] = Pr(U; = a) = ¢s(a),

and qr(X1) = ¢r(a) deterministically under the intervention. Subtracting yields 0. ]

By linearity of expectation, Lemma 1 implies that for every intervention profile,
E[Y; | do(-)] = E[ui(Z) | do(-)]- ©

Therefore, the Lo-induced game of I'(«) is identical to the original EFG G (same expected utilities for every strategy
profile), and hence it admits a Nash equilibrium with payoff vector ung. In particular, the Nash equilibrium payoff of T'(«)
equals ung, independent of a.

Lemma 2 (Strict L, shift). Under L; play (i.e., with the natural mechanisms (7) and no interventions), for every
information set I we have X = U almost surely, and thus

E[l{U} = X]} — qI(XI)] =1- Z qI(a)2 > 0,
acA(I)
where strict positivity holds because ¢; has full support and |A(I)| > 2 for at least one information set of each player?.

Proof. Under Ly, X; = Uy almost surely, so 1{U; = X} = 1 a.s. Also, X1 ~ ¢y, hence E[q;(X[)] = >, qr(a)?. The
claimed expression follows. |

Let
A; = Z(l— Z q;(a)Q) > 0.

I€T; acA(I)

Write the L, payoff vector of I'() as 1£* (). By (8) and Lemma 2,

pr(e) = Elui(2) | L] + oA, i€ N. (10)

Step 3: Choose « to sandwich png.  Since u;(z) € [—U, U] and the horizon is finite, E[u;(Z) | L1] € [-U, U] for all i.
Fix any scalar K > 0 such that
KA, > U—i—\,uNE’i\ foralli € N.

Define a® by o = +K forall i, and «~ by a; = —K forall i. Let 'y := I'(a*) and T’y := I'(a™). Let uo and yy
denote their respective L payoff vectors, and recall that both have Nash equilibrium payoff uxg by (9).

From (10) and the choice of K,

w1 =Elu(Z) | L] — KA; < —|pngi| < png,is
and similarly

p2,i = E[ui(Z) | Li] + KA; > |ung,i| 2 pne,i

Hence, componentwise,
1 < PN < M2.

This completes the proof. O

2If a player has only singleton action sets at all information sets, then that player is strategically trivial and can be ignored; the strict
inequalities can be enforced for all nontrivial players.
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A.3. Proof of Theorem 2.11 (MG richness)

Proof. Fix an arbitrary (finite-state, finite-action) Markov game

G = <N7 Sa (Ai)i€N> P( ‘ S,CL), (’I"i(S,CL))ieN, Lo, 7>7

*

with discount factor v € (0, 1) and initial-state distribution pg.> Let 7* = (7}, ..., 7}) be a (stationary) Nash equilibrium

of G with value (equilibrium payoff) vector ung.*

Step 1: Construct a causal game whose Lo-induced game is exactly G. We build an SCM with a plate over ¢t =

0,1,2,... containing endogenous variables
St c 87 Xi,t c Aia }/i,t S R7

and exogenous variables

Ur€ A (i€N), U? (transition noise).

The structural equations are:

SO ~ L0,
X+ < U;; (natural action mechanism),

Sii1 f(St,Xt,UtS) such that Pr(S;11 = s | Sy = s, Xy = a) = P(s' | s,a),
Yii < 7i(St, Xi) (i #1),

and for player 1 we define a modified reward
Yig  mi(SiX) + M(1{U1e = X1} =71 (X1, | $1),
where M € R is a scalar parameter to be chosen.
Finally, set the exogenous distribution so that under the natural mechanism (12),
Pr(Uis =a; | Sy =s) =ma/(a; | s) forallie N,

(and let UtS have whatever distribution is needed to implement (13)).

Define the discounted return of agent ¢ as

R, = E [Z fytYi_,t] .

t>0

Y
(12)

(13)
(14)

(15)

(16)

Let I" be the induced causal game with L, policies interpreted as interventions on the X; ; nodes (i.e., replacing (12) with a

policy-dependent assignment).

Claim 1 (Correct L, semantics). Under L, actions (interventions on X ;), the induced sequential game is exactly the

Markov game G.

Justification. Under any joint Ly policy profile , the interventions replace (12) by X; ; <— m;(- | history) (or X; ¢ < m;(- |
S¢) for stationary policies). The transition equation (13) implements the Markov kernel P(- | s, a), and the base rewards are
r;(St, X¢). Thus the distribution over trajectories and discounted returns coincides with that of G under 7, except potentially

for the extra term in (15), which we handle next.

3If G is infinite-horizon, we represent the repeated time-indexed variables using a plate model; all arguments below are per-time-step

and therefore extend immediately.
*If multiple equilibria exist, fix an equilibrium-selection rule; the theorem holds for the selected equilibrium.
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Claim 2 (The bonus term has zero interventional effect). For every time ¢ and every intervention/policy profile (hence
every realized X ;), the additional term in (15) has zero conditional expectation:

E[l{Ul’t = Xl,t} — Wf(Xl’t | St) ‘ St, dO(Xl_’t), dO(X,Lt)] =0.

Justification. Under an intervention, X ; is set externally. Conditional on S; = s and do(X ; = a),
E1{U1s = X1} | St =s,do(X11=0a)|=Pr(Urs =a| Sy =s)=7n7(a]s)

by (16), while 77 (X1 ¢ | S;) = 7j(a | s) deterministically. Hence the difference has zero expectation, so the interventional
expected reward equals 1. Therefore, the Lo-induced game (and its Nash equilibrium payoffs) are exactly those of GG, and
in particular the Nash equilibrium payoff in I' equals ung.

Step 2: Compute the L, payoff and shift it above/below ping. Under L; behavior, actions follow the natural mechanism
(12), so X; . = U, ;. From (16), this means that conditional on S; = s, X; ; ~ 7/ (- | s), i.e., the L; trajectory distribution
matches equilibrium play in G.

For i # 1, (14) implies RiL1 = UNE,;- Fori = 1, since X ; = Uy 4 almost surely under L, we have 1{U17t =X1:p=1

almost surely, and thus

E(1{U1s = X14} -7 (X10 | S) [ Se=s] =1— > (a1 | 5)*.
a1 €A,

A = E[th(l —wa(al |S’t)2)]

t>0

Let

Then the L; payoff for player 1 in I is
Rfl = UNE,1 t+ MA.

Note that A > 0 always, and A > 0 whenever 77 (- | s) is non-degenerate on a set of states visited with positive discounted
aqe s
probability.-

Choose My > 0 and M_ < 0 with |M| large enough that M, A > 0 and M_A < 0. Let I'; be the above construction
with M = M, and let I'; be the same construction with M = M_. Then:

¢ By Claims 1-2, both I'; and I'5 induce exactly the same Markov game G under Lo actions, hence have the same Nash
equilibrium payoff vector ung.

* Under L; behavior, for all ¢ # 1 we have 111 ; = ung,; = f2,i, wWhile for player 1,
11 =pNe1 +M_A < pnga < pneg + MiA = pog.

Interpreting the inequalities componentwise in the standard Pareto order (i.e., 41 < ung < po with at least one strict
coordinate on each side), this establishes the claim. O

Example (One-state Markov game). Consider a two-player Markov game with a single state s, action sets A; = Ay =
{H, T}, and discount factor v € (0, 1). The state is absorbing, i.e., P(S;+1 = s | St = s, X) = 1. Stage payoffs are given
by the matching-pennies game: v (H, H) = r (T, T) =1, (H,T) = r1(T,H) = —1, and r, = —ry. This game admits
a unique Nash equilibrium in stationary mixed strategies, where each player plays H and T with probability 1/2, yielding
equilibrium payoff vector ung = (0,0).

We construct a causal game with endogenous variables S¢, X1 +, X2+, Y1 +, Y2+ and exogenous variables U ;, Uz ;. The
natural (behavioral) action mechanism is given by X; , < U, , for i € {1, 2}, with exogenous distribution Pr(U; , = H) =

>If 77 happens to be pure on all states visited under itself, then A = 0 and the construction yields 1 = ung = po for player 1. In
that case the strict inequalities in the theorem statement cannot hold componentwise for all players; the non-strict version g1 < ung < 2
always holds.
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Figure 8. Per-time-step causal diagram for the matching-pennies causal game. The edge U;,: — Y1+ corresponds to the bonus term,
which vanishes under intervention but shifts L; payoffs.

Pr(U,, =T) = % Rewards are defined as Y5 4 < ro(X1 4, Xo,) and Y1 < r1 (X4, Xo) + M(L{U1 ;= X1 4} — %),
where M € R is a scalar parameter.

Under interventions on X, the bonus term has zero expectation, since E[1{U;; = X1} — 1 | do(X1,)] = 0.
Consequently, the Lo-induced game coincides exactly with the original Markov game, and its Nash equilibrium payoff
remains png = (0,0).

Under the natural mechanism, X; ; = U, ; almost surely, so E[Y; ;] = % and E[Y5,] = 0. The discounted returns are

therefore Rfl =Y >0 fyt% = 2(17]\% and RQL1 = 0. Choosing M = —1 yields a causal game I'; with L; payoff
1 - 1

w1 = (—mﬁ), while choosing M = +1 yields a causal game I'y with L, payoff ps = (W,O), and thus

w1 < pNE < p2 while both causal games induce the same Nash equilibrium payoff under Ly reasoning.

A.4. Proof of Theorem 3.5 (Dominance of Causal Strategies)

Proof. Let I be a (sequential) causal game and let L denote its layer—selection game, in which each agent chooses a
subset of admissible causal policies (equivalently, a subset of PCH layers). Assume that Ly admits a pure—strategy Nash
equilibrium A* = (A7,..., A%), where A} denotes the policy class selected by agent 7. Let

p* = NE(T(A"))

be the Nash—equilibrium payoff vector of the causal game I" when each agent is restricted to policies in A*.

Fix an agent ¢ and consider any alternative admissible policy class A’ for that agent. Suppose, for the sake of contradiction,
that deviating to A/ strictly improves agent 7’s equilibrium payoff, i.e.,

NE;(T'(4], A*,)) > NE;(I'(4")) = u.

By the definition of the layer—selection game Lr, the payoff to agent ¢ from choosing a policy class is exactly the
Nash—equilibrium payoff of the corresponding PCH-restricted causal game. Therefore, holding A* ; fixed, agent i would
obtain a strictly higher payoff in Lp by switching from A} to A}.

This contradicts the assumption that A* is a Nash equilibrium of L. Hence, no such profitable unilateral deviation exists. It
follows that for every agent ¢ and every admissible alternative policy class AZ,

i > NE(I(AL A7),
This establishes the claim. O

B. Extensive Form Games and Causal Games

Below we propose an algorithm to convert an extensive form game to causal game. This also shows that for every Extensive
Form Game, a causal Game exists that entails the extensive Form game under L5 actions.
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Algorithm 3 EFG to CG

Input: Extensive-form game G = (N, H, Z, A, P, {Z; }ienuge}> T {ti fien)
Output: A Causal Game I' induced by an SCM M = (U, V, F, P(U))
Initialize an empty SCM with endogenous node set V < () and edge set £ «+ 0.
Initialize exogenous node set U <« §.
For each player ¢ € N and each information set I € Z;, create a decision node X; with domain A(7) and set
X; « X, U{X1}, V« VU{X;}. {A() := A(h) for any h € I (well-defined in an EFG)}
6: Let Z. denote the collection of chance information sets. For each J € Z, create an endogenous node V; with domain
A(J)andadd V; to V.
7: Create an exogenous node U for each J € 7., add U; to U, and set its distribution to match 7 (- | k) for any h € J.
Define the structural assignment for chance as V; <— Uj.
9: For each player information set I € Z;, compute the set Obs([I) of prior information sets whose realized actions are
observed by player ¢ at 1.
10: For each K € Obs(I):

AN

o]

* if K € Z; for some player j, add edge Xx — X7;
o if K € 7., add edge Vx — X7.

11: Create a terminal outcome node 7" with domain Z and add 7" to V.

12: For every decision or chance node X € {X1}rcu,z, U{V}sez., add an edge X — T. {Equivalently, add only those
nodes that can affect reachability of terminal histories. }

13: Define T deterministically: for each assignment to Pa(T"), forward-simulate play in G to obtain the unique terminal
history z € Z, and set 1" < z.

14: For each player ¢ € N, create a utility node Y; with parent 7" and define

Y;', $— ui(T),

ie., Y (T =z):=u;(z)forall z € Z. Add Y; to V.
15: Return: CG I induced by SCM M

C. Experiments
C.1. Parameters for the Kuhn Poker

In Kuhn Poker, the body language correctly signals the card to the intuition with probability 0.8 and rest of the time, it
signals the other card. For example, if the opponent has Jack and the player has a Queen, then the natural intuition of the
player is to bet 80% of the time and fold the remaining times. The agents are dealt cards and the game proceeds in a round
robin fashion.

C.2. Computation for the Iterated Causal Prisoner’s Dilemma

The payoff of playing defect against intuition in A} can be easy calculated as follows:

E[Y | do(X; =1)] =0.16 - (—3,0) +0.24 - (—8,0) = (—2.4,0) (17)

When P; is playing Tit-for-Tat, it simply observe player 2 playing Xo = 1 60% time and X5 = 0 the remaining 40%. Since,
each timesteps assignment of U;, U, are independent, this is equivalent to playing X; = 1 60% of the time as well. This
gives the payoff

E[Y | do(X; =1)]-0.6 + E[Y | do(X; = 0)] - 0.4 = (—3.56, 0.08) (18)

The codes are available at https://anonymous.4open.science/r/CGT-ICML26/.
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